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Tomography

Is my quantum computer
doing what | think it is doing?

Can | convince others that my
guantum computer is doing what |
claim it is doing?



Parameirized Quantum States

Parametrized families
of qguantum states
are everywhere

Time evolution of \ I System response to

quantum states control parameters

Quantum sensing



How can we formalize and
perform tomography of
oarametrized states?



What is a parametrized
quanfum state?



Parametrized Quantum States

FUNCTIONS AND NORMS
Inner Product

(fs9) :/dﬂ(w) J (@) () PARAMETRIZED STATES

Norm p(@) =) appr(e)
1] = / du(z) | ()P

Orthonormal Basis

{ok}i: (O, r) = Ok



Parameirized Quantum States

FOURIER BASIS
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What is Tomography??



Tomography

QUANTUM STATE TOMOGRAPHY
Given access to multiple copies of a
guantum state, produce an estimate
with high probability that is close Iin
trace distance

Pllp—plh<e =14

Exponential sasmple complexity

*For interesting sets of observables

SHADOW TOMOGRAPHY

Given access to multiple copies of a
quantum state, produce an estimate
with high probability that
approximately reproduces a set of
expectation values

P[m?X|Tr[(p—ﬁ)Oi]| <e>1-4¢

Polynomial sample complexity*



General Tomographic Procedures

INDUCED SEMINORM
For a given set of observables O,
we define the induced seminorm

| X ||o == sup | Tr[X O]
OIS,

EXAMPLE

Local Clifford Shadow Tomography
IS @ tomographic procedure
relative to local observables

Op :={0 : [|O]|ec < 1,0 is f-local}
with sample complexity

012t n
T(E, 5,71) =0 (6_2 log E)

TOMOGRAPHIC PROCEDURE
An experimental procedure is an
(¢,6,n)-tomographic procedure
relative to a set of observables O
If it guarantees

Pllp—plo<e >1-36
The necessary number of copies

T(e,6,n)is the sample complexity
of the tomographic procedure
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Figure of Merit for Parametrized States

INDUCED SEMINORM
For a given set of observables O,
we define the induced seminorm

| X ||o == sup | Tr[X O]
OIS,

FUNCTION p-NORM
For a given measure u(x), we define
the p-norm of a function

111 = [ dut@)lria)p

Largest norm of
the parametrized
expectation value

INDUCED LP SEMINORM
The induced LP seminorm of a parametrized
operator

x— X(x)

Is given by

X, = s [ dute) | THOX @)
0OeO

J
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Figure of Merit for Parametrized States

Largest norm of
INDUCED SEMINORM the vector of

X expectation values
For a given set of observables O, h P
we define the induced seminorm
| X||o = sup | Tr[X O] INDUCED I°P SEMINORM
Oe0 The induced [P seminorm of a vector of

operators

X = (X1, Xo,...,X4)

Is given by
VECTOR p-NORM d
We define the p-norm of a d- I XI5 , == sup Z | Tr|OX;] P
. . P
dimensional vector 00 ;1

d

lllp =) laal? J

=




Useful Properties

SUBMULTIPLICATIVITY

For a vector of operators, we define
matrix-vector multiplication in the
usual sense. Then,

IAX Mo, < IAllp—pll Xl

PARSEVAL'S THEOREM
For a parametrized operator given by

X(z) = arpr(e)
k

we have the identity

X Ollo2 = lledlo 2

13



How do we afttack This
algorithmically?



Signal Processing

Signal Task: Get a good
approximation of the signal
f(z)
[ /.f($2) Measurements
® ® 0 xT
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Signal Processing

STANDARD APPROACH f(@)
Assume finite bandwidth (i.e. maximum 1
frequency)

N\
fl@)= > e ™ = crpp(z) /\/\

k=—ko k€A SHANNON-NYQUIST
You need as many measurements
as basis functions
LINEAR SYSTEM M > O(D)

Measurements form a linear system of equations

(fl@)\  [e(@)  aler) o wp()) [en)

f(i.E‘z) b Ac%i}@)c _ Azl.iliz) ‘e (PD(332) C2

@)  \ewer) exen) .. oplew)) \eo)
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Compressed Sensing

SPARSITY
A signal is sparse if there existsaset S C A
such that

f(ﬂ?) _ Z Cke—ika:

keS

COMPRESSED SENSING
For sparse signals with s = |S|, we
only need

M > O(slog D)

HOW?
We find the solution of the linear system
with the smallest 1 norm

min||c||; s.t. f = Ac

This works, essentially, if there are no
sparse vectors in the kernel of A, as any
vector v € ker A can be added to a
given solution.

WHERE DO WE MEASURE?
Randomly choosing points according to
the measure of orthgonality, u(w)
guarantees that A has this property with
high probability
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Algorithm for full recovery



Full Recovery of Parametrized Quantum States

Input €,0

Set M =0 (DlogD/d)), € =0(e), 6 =0(6/M)

For 1<:< M

~ Sample By ~ i
Perform A - . k!
Tomography p(x;) = tomographic procedure(p(x;), €, ")
Construct
Ai,k = 901@(33@)

g Matrix



Full Recovery of Parametrized Quantum States

Input €,0

Have Aai):(ﬁlaﬁQw")ﬁM)

Compute

) AT
Pseudoinverse

Compute a@=A"p

2 -
Output () =) _; Grpr(:)

GUARANTEE
The output of the algorithm satisfies

Plllo() = p(Mlop <€ 216

and can be combined with any
tomographic procedure.
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Algorithm for sparse recovery



Sparse Parametrized Quantum States

SPARSE PARAMETRIZED STATES |dea: Split the task into two
A parametrized quantum state

plx) = Z k()
k

is (S, Yer )-sparse if there exists a set S of
cardinality |S| = s such that

Support Identification

o — asllo, < ver Sparse Recovery
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Sparse Recovery

Essentially the same algorithm,
taking the pseudoinverse
over the set S and only
performing tomography at

M =0 ((s/A%)(log D + log 1/6))

parameter values

GUARANTEE
The output of the algorithm satisfies

P“”P() - ﬁ(')H‘O,Q < €+ 72 + A’m] >1—0

and can be combined with any tomographic
procedure.
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Support Identification

|dea: Take a random observable,
use classical compressed
sensing on the parametrized
expectation value to identify
support

Trivially works for exact sparsity

General statements are difficult
to come by, as the ,sparsity
pattern” for a given observable
need Nnot match the true pattern

We can give guarantees under
additional assumptions!
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Shadow fomography
of free Fermionic
fime evolution



Setup

FREE FERMIONIC HAMILTONIAN
We consider time evolution under a
Hamiltonian composed of Majorana

operators
H =1 Z Z Fijviys

i=1 j=1
with interaction strength

J = max |Fj;|
i

TIME EVOLUTION
The time evolution of a state expands into

2m  2m
p(t) = Z Z e N2, poll
i=1 j=1
with bounded frequency
A — \j| <n?J

Difficult to approximate
INn the Fourier basis!

26



Solution

TIME EVOLUTION
The time evolution of a state expands into

2mn  n
_ — (X=X ETT . , GUARANTEES
p(t) Zl 21 c J HZPOHJ We can re[cover ?II ¢-local observables for
=l = timet e |-T.7T|, ie.
with bounded frequency :
X = gl <n?J Pllle() = Ao,z < €+21] 21
A N

using a total number of copies

- 3/2 D 1
N=0 (nf’“LQJTE—2 log — log? —)
Chebychev polynomials work € Y 9
due to the bounded

frequency!
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Summary

» A formal umbrella for different
notions of tomography

» A sensible figure of merit for

tomography of parametrized
guantum states % o @} (omography)— ..,

>
=

classical shadows
Parametrized state full tomogra phy

> An algorithm that efficiently
recovers quantum states with huge

Reconstruction

gains for sparse parameter % # %]
dependence AR

» Algorithm extends to average case
tomography and the tomography
of parametrized channels



PArametrized quantum states
offer many more interesting
questions!
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